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I.—EXPOSITION OF A GENERAL THEORY OF 
LINEAR TRANSFORMATIONS. PART I. 


By Georce Boote. 


1. THE transformation of homogeneous functions by linear 
substitutions, is an important and oft-recurring problem of 
analysis. In the Mécanique Analytique of Lagrange, it occu- 
pies a very prominent place, and it has been made the subject 
of a special memoir by Laplace. More recently it has engaged 
the attention of Lebesgue and Jacobi; the former of whom has 
extended his investigations to homogeneous functions of the 
second degree, and of an indefinite number of variables, while 
the latter has applied the results of such inquiries to the 
transformation of multiple integrals. A memoir on this sub- 
ject has also been given to the world by Cauchy; and an 
ingenious paper by Professor De Morgan, on its geometrical 
relations, will be found in the 5th volume of the Cambridge 
Philosophical Transactions. 

The most general conclusion to which the labours of the 
above-mentioned writers have led, is, that it is always possible 
to take away the products of the variables z,, z,,...%,,, from 
a proposed homogeneous function of the second degree, Q, by 
the linear substitution of a new set of variables, y,, Y,,- ++ Ym 
connected with the original ones by the relation 


Bit hy oe th BY, + Yy oes t+Yq ++ ())5 


or in other words, to determine, subject to (1), the values of 
B 
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the coefficients A,, A,,..A,,, in the equation of transforma- 
tion, 
Q=-Ay,+Ay,...+4,y,°..... (2). 

And the method commonly employed in this investigation has 
been, to substitute, in place of the variables involved in either 
member of (2), a series of linear functions of the variables 
involved in the opposite member, to equate coefficients, and 
to eliminate the unknown constants by aid of the equations of 
condition similarly obtained from (1). It is in the effecting of 
this elimination that the principal difficulty of the problem 
consists; a difficulty arising from the very principle of the 
method of solution, and therefore not to be evaded; a diffi- 
culty moreover so great, that no one has yet shewn how it is 
to be overcome, when the degree of the function to be trans- 
formed rises above the second. 

In the above remarks, it is not however intended to convey 
the idea that this elimination is impossible. Were the final 
results of the elimination known, it would at once be seen by 
what combinations of our equations those results might be 
produced; but this fact brings us no nearer to their actual 
discovery. Indeed it must on the slightest consideration be 

manifest, that no such principle of investigation can suffice to 
the requirements of a problem, which, alike in its primary 
analysis and in the forms of its final solution, will be shewn to 
rest on the doctrine of developments, and to involve the pro- 
cesses of the Differential Calculus. 


2. 'The equations (1) and (2) are evidently particular cases 
of the homogeneous system, 


h, (z,, Ly, ae - Lm) = hy, Yo> <9 Ym) ae ss (A), 
H, (x, , U5 ree ,,) =H',(y,; Yo» sib Ym) ale (B,), 


in which h,, h',, H,, H',, designate homogeneous functions of 
the second degree; and these again of the more general 
system, 
hig ig My» ++) = &, Yo a+ >> Fa) - >> (A) 
’ 
TAG yy By ss « B) = Gy Vy ++ + Fu) > - - (HB) 


h,, ha, &c. indicating, in accordance with the above employed 
notation, homogeneous functions of the x“ degree; and the 
problem in this case mainly refers to the determination of the 
mutual relations of the constants in (A,) and (B,), on the 
assumption that the second members of those equations are 
formed respectively from their first, by the same system of 
linear substitutions. The equations (4,) and (B,), I shall, 
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throughout the remainder of this paper, represent under the 
abbreviated forms 

7" r. (A,), 

Q=R.(B). 


Let » be the number of the terms in the homogeneous 
function of the x degree with m variables, and let « re- 
present in succession each of the series of integers from m+1 
to v inclusive ; also, let a, 8, y... be indefinite integers, 
varying from 0 to n~—1 inclusive, and entering into every 
possible combination subject to the condition of homogeneity, 


a+B+y...+P=Nn3 


then may the functions ¢g,7, Q, R, be represented under the 
general forms 
J = AZ + AF e+ Ay Ly" 4 La,2,°2 +0 Lyq!* ) 
Me | 
fied P eee (3), 
m | 
R= By" + By! + Bry + BBY YyPYnk* J 
and our primary object, as above observed, is to determine the 
relations by which the 4» quantities @,,a,..av,...6,, b,..b, 


A,A,..A,, B, B,.. BY’, are held in mutual dependence. 
ed 2 1 2 


By Taylor’s theorem, it is evident that the equations (A,), 
(B,), cannot exist in their utmost generality, unless the various 
orders of equations thence obtained by successive differen- 
tiation, are also satisfied. Confining our attention to those 
of the first order, and differentiating relatively to y,, y,... Yn, 
we have, from (B,), 


dQ dx, dQ dz, dQ dz, dR, 


— + = wt 


dx, dy, dx, dy, dx,, dy 


m 


dQ dz, dQ dz, dQ dz 


en “m 
dz, 


a by," of by," soe + BiYn" + rb y,"yf 0Ym 
Q=Az"+A,z,"...+A,%,"+3A,2,°2P 2 


mm 


dy, 


dR 


ar Gor © er 4 ee 


1 


m J2 





dQ dz, . dQ dz, dQ dz, dR 
dx, dy,, ; dx, dy, ~ * de, dy, dy, 


m 


3. Let us suppose the actual linear relations among the two 
sets of variables to be represented under the forms, 


z, = MY, + AY, pater An m ) 
| 
T, ha MY, t MY» Veet FaYin + an (5 ). 


Ln PY, t PY, ean Pon 
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Then do the above equations (4) become 


2, dQ dQ a, 
| de M x Pde, dy, 
. dQ dQ dQ dR 


dQ dQ dQ dR 


ee 

" dz, i dx, Pee dz,, dy,,? 
_ We suppose the coefficients X,, A,, 22 Ams bys Myo ++ Mm &C. 
in the linear theorems (5) to be of finite value; and on this 
supposition it is clear that the assumption in (6) of the 
simultaneous conditions, 


dQ dQ dQ 
de, = 0, 0 =—=@....(7) 


dz, " dt 
will induce, as a necessary consequence, the fulfilment of the 
simultaneous and similar conditions 


eo & o,... se <0....@. 
dy, dy, 








dy, 
The converse of this proposition is not so universally true. 


If we suppose the second members of (6) to vanish, and 
; iat cael dQ dQ f he fr b 
linearly eliminate i ee ee,” rom the first members 
thus equated to 0, we shall obtain a final equation among 
the constants, 


F(A, fis + Pisses An Rs 2s Din) Os ss (9), 
which, if satisfied, will indicate, that the proposed conditions, 
(8), may coexist, without the simultaneous evanescence of 
dQ dQ dQ 
dz,’ dz,’ dz, 
because they will be found to reappear, as the cause of certain 
peculiarities in the final solution. On the nature and meaning 
of the condition (9), it will for the present be sufficient to 
remark, that it analytically corresponds to those cases in 
which, while definite values are attributed to the one set of 
variables ¥,, Y,5-++ Ym» those of the other set 2,, Z,,...2p5 
become arbitrary or infinite, and that its geometrical inter- 
pretation has reference to certain cases of impossible trans- 
formation, such as, for example, the change of co-ordinates 
from a pair of axes having a given inclination to another 
pair mutually coinciding. Omitting therefore the further 


These circumstances are here noticed, 
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consideration of this case of failure, we proceed to examine 
the conclusions which may be drawn from the otherwise de- 
pendent, and always compatible systems (7) and (8). 


4. Employing the value of Q given in (3), the system (7) 
becomes 
nA oc” + DA,or, ef... 24 =0 
nAg. + 2A,B2,"2f... th =O | (10). 


nia" +ZApr sf ...2,%'°=0 


mm m 


These equations are homogeneous and of the (x- 1)" de- 
gree: we are now to inquire under what conditions they may 
be satisfied. The first which presents itself is found in the 
supposition, that z,, z,,...2%,, simultaneously vanish; but 
this leads to no ulterior result. ‘The only remaining one will 
be determined by examining the result arising from the 
elimination of the variables. To this object we therefore 
now direct our attention. 

If to any two equations of the "" degree, 

at! + ba" + of" ...4+h=a0.... (11), 
Oe + Ua +02" ...4+H =0.... (19), 


we apply the process employed in finding a common measure, 
and equate the successive remainders to 0, which in such case 
we evidently may do, we shall in the first stage of the 
process obtain an equation of the (#— 1) degree, in the next 
stage we shall have an equation of the (m— 2)" degree; and 
thus at each successive stage of the process depressing the 
degree of our resulting equation by unity, shall finally arrive 
at an equation involving only the coefficients a, b, a’, b', &c. 
with the constants / and 4’, and which may be regarded as 
the result of the final elimination of z from (11) and (12). 


By applying this method to equations (1) and (2) of (10), 
we shall be able to eliminate z,, and repeating the process 
successively on the independent pairs (2) and (3), (3) and (4), 
(m-—1) and (m), of the same system, shall form a system of 
m-1 equations, involving only the variables z,, z,,...z,,, 
and from which z, will have entirely disappeared. These 
equations may be treated in the same way as those of (10), 
and will lead by the elimination of z,, to a system of m-— 2 
equations involving only the variables, z,, z,,...2,,. Thus 
by successive stages shall we obtain from the m equations». 
(10) with m variables, 
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m —1 equations involving m- 1 variables, 


m-—2 equations. . . .m-2 variables, 
2 equations . . . .2 variables, 
1 final equation. . . . constants; 


since all these equations are, like the original ones, homoge- 
neous, and from the last the variable will divide out. It is 
also to be observed, that the two equations given in the last 
step but one of the process of reduction, will be linear, as 
will be more distinctly seen in the examples given below. 
This circumstance is important, because it restricts the general 
solution to the condition of linearity among the variables ; 
the reason will appear in the sequel. 

The last obtained of the above column of results, we shall 
designate by the symbol 0, applied to the original function Q. 
Thus, if, to adopt the common notation, Q were a homogene- 
ous function of the second degree, of the form, 

Q = Az’ + 2Bary + Cy’. ...(13); 


then on eliminating from the derived equations, 


Ax + By = 0, 
Br + Cy = 0, 
¢ ¢ : 
(for dQ = 2Azr+2By, and wt = 2Bxr+2Cy), we find 
dz dy ' 


0(Q) = B- AC, or AC- B’....(14). 
Again, if we have 
Q = Ar’ + By’ + C2 + 2Dyz + 2Exz + 2Fry....(15), 


the equations between which the elimination is to be effected 
will be 
Ax + Fy + lg 


Fr + By + Dz=07....(16), 
Ex + Dy + <0) 

whence the result sought becomes, on reduction, 

0(Q)= ABC + 2DEF- (AD + BE’ + CF’), ...(17). 
Finally, if Q be of the form, 
Q= Ax’ + 3Br’y+ 3Cry’ + Dy’. ...(18), 

we shall, on taking the first differential coefficients, have 
Az’ + 2Bry + Cy’ = 0, 
Bx’ + 2Cry + Dy’= 0. 
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From these, eliminating z* and y’, and dividing the results 


by y and by z respectively, we find 
2(B’- AC) x-(AD- BC) y=0) 
(AD - BC) - 2(C’-BD) y=05° 


which, in accordance with a previous remark, are linear. 


e- Hence, on elimination, 

is : ‘ - R 

et 0(Q)=(AD- BC)*- 4 (B- AC) (C’- BD). ...(20); 

S 

as and in a similar way may we proceed for more complicated 

We cases. 

‘al . . . . . 

$3 : 5. It is evident, to resume our original notation, that the 
j equation, 6(Q) = 0, expresses the relation which must be ful- 

all filled among the constants A,, A,,..A,, in order that the 

C . . . . at > . e 

Q equations,(7), may admit of being satisfied without the simulta- 

i neous vanishing of z,, z,,..2,,. We shall suppose this con- 


dition to be fulfilled, and that the equations, (7), are in reality 


satisfied, while z,, 2,,..z,, retain actual values. 


soning of sect. 3, it has been shewn that the equations, (8), 
will also be satisfied, and by inspection of the linear theorems 
(5), it will be seen, that y,, y,..y,, cannot all simultane- 
ously vanish, consistently with our assumptions relatively to 
Ly L.y.+%,,3 hence it will be necessary that the condition 
6(R) =0, be also satisfied among the constants B,, B,,..B 
Thus the condition @(Q) = 0, when satisfied, involves as a ne- 
cessary consequence, the fulfilment of the analogous condition, 
0(R)=0; and the same relation of mutual dependence exists 


between 0(q) and 0(7). 


Now it is scarcely necessary to observe, that the constitu- 
ail tion of the two functions, Q and gq, relatively to the constants 
they involve, will not generally be such, as that the conditions, 


0(Q) =0, 6(q)= 0, shall be thereby satisfied. 


fore we are to inquire, whether it is not possible to obtain 

from these a third function, which, by the particular deter- 

minations of an arbitrary constant, shall enable us to satisfy 

the conditions required. In order to effect this, add the 

primitive equations (.4,), (B,), after having multiplied the 
). former by an indeterminate constant quantity h, we have 


Q+hqg=R+hr......(21). 


Like each of the original equations, this will be homo- 
geneous. Considered as the subject of the argument above 
developed, it leads to the conclusion, that the two systems 


of equations, 
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d(Q+ hq) - d(Q + hq) - d(Q+ hq) ik (22) 


dz, dz, cs 
d(R+hr) . d(R+hr) d(R+hr) _ : 
- a =0, — dy, =0,.. — ae =0....(23), 


are mutually dependent; and as a further consequence of the 
same process of reasoning, that if the constant / be so deter- 
mined as to satisfy the equation, 


0(Q+hgq)=0....(24), 
then will the analogous equation 
0(R+hr)=0....(25) 


be satisfied also. I shall now shew that this principle involves 
the complete solution of the problem under consideration. 


6. Let , as a symbol of functionality, indicate the com 
binations of the constants in 0(Q), 0(R), &c., so that 


0(Q)=9(4,A,,.. An), 0(R)=o(BB,,.. Bn); 
0 (9) =$¢(a,a,, .. Gp), O(r)=9 (6d,,.. 4,,). 
Then substituting in (21) the forms assigned in (3), we have 
(A,+ha,) 2,"+(A,tha,) 2,"..4(A,,+ha,,) £,"+3 (Atha, rox. yu 
=(B+hb,) y."+(Bhb,)y,.”..+(B,+hb,, y+ (B thd, yy PY pt! 
ee (26). 
And the equations (24), (25), on replacing @ by ¢, thus give 
${(A,+ha,), (A,+ha,),..(A,+ha,)}=0....(27), 
p{(B,+hb,), (B,+hb,),. .(B,+hb,)}=0....(28). 


As the values of / satisfying these equations must be iden- 
tical, and as those values are to be sought by the development 
of their first members in ascending or descending powers of 
that quantity, it is evident that those equations, in their 
developed forms, must be equivalent relatively to that quan- 
tity. If we then observe that the terms independent of / in 
the two developments, are ¢(A,, A,..A,) and 9(B,, B,. .B,) 
respectively, and that the corresponding coefficients of the 
highest power of A are ¢(a,,a,..a,) and 9(b,,),..6,) re- 
spectively, and that the intermediate terms are formed accord- 
ing to the ordinary laws of development by Taylor’s theorem, 
it will be manifest, that in order to establish the proposed 
equivalence, we must have 


(A, A, . Ay) 


¢ (a, a,. .a,) 


_o(B, B,.. By) , 
er a 
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fee ale id 
\% dA, he dA,’ * ih dA, b(Ay ) 


op (a, GQ... @,) 


d d d 
ae . , ; 
(' aB,*” ap,**™ 7p.) 92 B, . . Bs) 














~ $0,0,..6,) . (30), 
d d d 
(« aa.* a, a 77 “an) ¢ (A,, A,. ..A,) 
g(a, a,.. a,) 
(ae - b, on be aie) OB Be B,) | 
rae a 4 so eh BI), 
if we represent by y the degree of ¢(A,, A,, .. Av), which 


will of course determine the ait of the at of differentia- 
tion. On replacing ¢ (A,, A,,.. A,) by 0(Q), &c., our equa- 
tions become 


A(Q) O(R) 
oy age 








0(q) O(r) 
d d d f d : 
(agra. +a a? 4 “)0(Q) (4g dB. +b.a 3. tb +b zi OC iM 
6(¢9) ae 
shoud (33), 
d d dV d d 
(saga: oa.) © (haha: “rap,) 0 
0(q) 0 (7) 
ore. (84), 


which are the simplest forms under which the full solution can 
be placed, and are a direct consequence of the relations (24) 
and (25). The results of this part of our inquiry may therefore 
be comprised in the following general proposition. 

A. If Q and gq represent two similar homogeneous functions of 
the same degree, which are linearly and similarly transformed 
into R and rx respectively, and if the symbol 0 before a proposed 
homogeneous function be understood to indicate the result of 
the elimination of the variables, from the first differential co- 
efficients of that function, equated to 0, then are the relations 
among the coefficients of Q, R, q, r, the same as are necessary 
in order to verify the assumed identity of the equations, 

A(Q+hg)=9, O(R+hr)= 
relatively to the constant h. 
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It may be proper to observe, that the analysis on which the 
above theorem is here made to depend, is considerably differ- 
ent from that by which I originally obtained it. This, in fact, 
consisted in an extension of the method which I on a former 
occasion employed, when treating the same _— in the pages 
of this Journal, vide No. vit. Vol. 1. p. 64 


7. Besides the literal coefficients A,, A,,..A,, B,, B,, &c., 
it commonly happens, that the functions Q, g, R, 7, as in the 
examples of section 4, are in some of their terms affected with 
numerical multipliers. Provided however that these multi- 
pliers are the same, and are similarly employed, in Q and q, 
and again in # and r, no change will be thereby introduced 
in the symbolical forms of the general solution, (32), (38), 
(34). For let » *,. .k, be numerical quantities, and let va 
compound coe flici ients of the several terms in Q be f, A,, 
k, A,,..k, A,, and of those in g taken in the same order ee a; 
k, a,,..k, a,, then will those of Q+hq be 


k, (A, +ha,), k,(A,+ha,)..k{A, + ha,)..... (85). 

Now f,, k,,. .&,, being pensePaty will not distinctively ap- 
pear in 0(Q) and @ (q) ) which will therefore, as before, assume 
the form 

(A, A,..A,), (a,4,..4,). 

Hence also will 6(Q+ hq) become 

0(Q+hg)=9 {(A, + ha,) (A, +ha,). .(A,+ha,)}..... (36), 
and adopting the same class of numerical coefficients with B,, 
B,, .. B,, in the expression of R and 7, 


O(R + hr)=9 {(B,+hb,) (B, + hb,). (B,+hb,)}.. .(37). 


These forms are identical with those sleni in “wv pre- 
vious sections, although the interpretation of @ will be 
modified by the introduction of f,, 4,,..%,. Taken in con- 
nexion with the theorem A, they lead to the same series of 
equations, presented under the gene ry type, 


d d d 
(« dA, “dA, engl 0 (1 UB, °aB, baa) A) 
09) 00) 





. (38), 
» being an indefinite integer varying from 0 upwards. 
Ifn=y (which is the highest value it can receive without 
causing both sides to vanish), it is evident, by the nature of de- 
velopments, that this equation w become 
A(q) O00 


0(y) i oleae 





a 


ww 


1? 
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Hence the values of » which are to be employed, range from 
Otoy-1. Of the series of conditions (32), (33), (34), the upper- 
most is peculiarly deserving of attention, and it may be shewn 
that the succeeding ones might be formed, by the extension of 
A to the whole class of homogeneous equations represented 
under the type, 

Qing=Rinr, 


n being entirely arbitrary. It is in fact on inspection evident, 
that the series of conditions found by the development of both 
members of the equation 


0(Q + nq) _ 0(R + nr) 
9(q) G(r) 
would reproduce the system (32), (33), (34). 
8. As a first example of the application of the above 
theorems, I select the very simple case 
ax’ + 2hay + cy’ =a'x" + We'y' + cy” ...... (39), 
Ax’ + 2Bay + Cy’ = A'x” + 2Br'y' + Oy. . (40). 
Here by (14) 0(Q)= AC- B’, 0(q) = ac-8*, 0( R) = A'C — B", 
0(r) = a'c — 6”, which values are to be mua in the sym- 
bolical forms of the general solution (38) as applied to this par- 
ticular case, viz. 





0) _ O(r) 
d d _ ad , a 
(« da* apt ae oo (2) ( aa? o 7G) OR) 
9(9) 7 9 (7) 


This being done, and the requisite differentiations effected, 
we find 


AC-B AC -B 








ac ~— - ac —b" tered wae has 
aC - 2bB+cA _ _aC—: 26'B +¢ A (42) 
ac — 6° ac i _ 5 - (44). 


The equation (39) may be regarded as characteristic of the 
nature of the transformation to be effected. Should that cor- 
respond to the geometrical idea of a change of co-ordinates, 
from a pair of axes x, y, making an angle 6, to another pair 
z', y', whose angle of inclination is 6’, then will (39) become 


a’ + 2zy cos 0+ y? = x* + 22'y' cos 0+ y” 
*,a=1, b=cos8, c=1, a =1, b'=cosG@, ¢ =1. 
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Hence (41) and (42) give 
AC-B AC -B* o 
(sn OF (sn @y¥ “'°°°*** — 
A -—2Bcos 0+ Cc A'- 2B cos o + =. 
9 . (44). 
(sin 0) (sin 0 


We pass next to the important case 
P+y+ Faz? +y? +2”, 
+ By’ + C2 + 2Dyz + 2Exz + 2F. wy . (45). 
= Az” + By? + C'z" + 2Dy'z + 2B x2’ + 2F'2'y' 

Here, by reference to (17), we find 

6(Q)= ABC+ 2DEF -(AD + BE* + CF’).0(g)=1. .. .(46), 

0(R)=ABC'+2D E'F -(A' D* + BE*+ C'F").0(r)=1. .(47), 

which expressions are to be employed in the symbolical forms, 
6(Q) O6(R) 


§@ ~ O(r) 


d d “) 0a (FS d 
(a ‘apt ac)" \aa* apt + 70)OR 








“@) A(r) : 
d d d d d \? 
(74° dB" “a) 8 ( wad (— + opt =a) 6(R) 
10 O(7) ’ 


whence, by mere inspection, we have 

ABC+ 2DEF-—(AD + BE’ + CF’) 
= A'BC'+2DE'F' -(A'D’ + BE" + CF”). ... (48), 
AB+BC+AC+ D+ E*+F’)-A' B+ B C'+A' CD" E"+ F*)(49), 
A+ Bre Cue A+ Be Con ccccccccc ve = (60). 

If D' E' F' are supposed to vanish, the above system becomes 
equivalent to the remarkable cubic, so frequently met with in 
Analytical Mechanics, and the Geometry of Space. 

Were the number of the variables four, the conditions of the 
problem remaining in other respects unaltered, we should in 
the same way obtain an equation of the fourth degree, or rather 
a system of equations thereto equivalent, determining the 
values of the four constants in &, and so on to any proposed 
number of variables. 


9. Let us now attribute to our primitive equations the more 
general forms, 
ax’ + by* + cz + 2dyz + 2exz + 2fxy 


le 
» Emeaee ; . forg=r....(51), 
az” + by” + ez? + Wdy'2' + Qea'2' + Wfz'y’ ‘J f 
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Ax’ + By’ + C2 + 2Dyz + 2Exz + 2Fry 7} 
- A'z® + By? + C2" + 2Dy'2+2E'e'y' + 2F'z'y') 
Here to the values of 0(Q) and 0(#)as given in the last ex- 


for Q= R..(52). 


ample, we must add 


Kq)=abe+2def(ad*+be*+cf”). O(r)-a'b'c'+2d ef’ (a'd"+b'e"+6f"). 
The symbolical forms of the solution for this case, are at 
once seen to be 


0(Q) 0(R) 








0q) ~~ O(n SAsad- wn weasel eee 
d ad d 
+b —. , 

(“747 7 Sy “0 H@) (74 ap tl ae FMR 
9(q) 0(r) mma 

d d d C2) ~- ey i 
(a +b. San) 0(Q) ( aa b TR tf <a) 0(R). 7 
0 (9) = 6 (7) ; 


When the algebraic development of (54) is determined, that 
of (5 5) will be fund, by simply changing in the former a, 6, ¢, 
&c., into A, B, C, &c., and vice-versa. ‘In exhibiting the re- 
sults of these developments, it will be convenient to represent 
the differential coefficients of 0 (Q), 0 (2) &c., by subsidiary 
quantities. Assume therefore 

L=BC-D, M=AC- E’, N= AB - F”), 

S = 2(EF- AD), T=2(DF- BC), U=2(DE- CF), 

L'= BC'- D", &c., l= be-d’, &e., U = Ue - d”, &c. 

Then will (53), (5 4), (55), give, on effecting the operations 
indicated, 


ABC+ 2DEF - (AD + BE’ + CF’) 
abe + 2def —( ad® + be + cf*) 
_ ABC +2DE'F -(A'D* + BE" + C'F”) 
4 abc + 2d ef —(ad® + be? + cf”) 
aL+bM+cNidS+e T+fU 
~ abe + def ~(ad? + be? + cf”) 
aL +UM'+e¢N' 4+d8'+éT' + f'U' 
abe 4 ad'e'f' —(a'd? + Ve? + éf”) 
Al + Bm + Cn+ Ds + Et + Fu 
abe + 2def — (ad* + be’ + cf”) 
_ AT + Bm + Cn’ + Ds' + Bt + Fu 
abe 4 ad'e'f" ~ (ad + be® + cf”) 
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If we wish by the above transformation to represent a change 
of co-ordinates, from axes 2, y, z, given in relative position by 
the equations cos YZ = COs p> cos xz =cos p, cos zy =cosyx, to 
another system of axes 2’, y/ 22> ', whose i inclinations are similarly 
determined by the angles ¢,¥,x’, then will our first equation 
(51) become 

x Hg +F + Spromg + Sas cosh + Soy cory } 


(59 


so that it will only be necessary in the formule of solution 
(56), (57), (58), to make 
a=b=c=1, d=cosg, e=cosy, f = cos x, 
a=b'=c=1, d=cosq, é¢=cosy, f' = cos x, 
l=(singy, m-=(siny)’, 2 =(sin xy, &c. 


in order to obtain the relations sought. 


= 27 +y7 42+ 2y'z' cos g' + 22'2' cosy'+ 22'y/ cos x’ J" 


10. In further illustration of the general method, let us now 
take an example of the transformation of homogeneous func- 
tions of the third degree, our primitive equations being placed 
under the forms, 
ax’ +3ba'y+ 8cry’+dy’ = a'x* + 3b'x"y' + 3c'z'y” + d'y*. . . (60), 
Az’+3 Br’y+3 Cry’+Dy'= A'z® + 8B 2"y +3Cz'y?+ Dy” . (61). 

Here by (19) we have 
0(Q) = (AD - BCY - 4(B’ - AC)(C’ - BD). 

6(g) = (ad — bey — 4(8’ - ac) (ce - bd), 
6(R) =(A'D' - BC'S - 4(B’ - A'C')(C°- BD). 
O(r) = (ad — Uy — 4(6" - ac’) (c? - Bd’), 
which, as in former cases, are to be substituted in the general 
symbolical forms, 











0(Q) A(R) 
_ — 
6g) ~ @) °°) 
d dd dd 
(argtbayt aot 17) €Q) (“a da oop Cad ay XB) 
0(q) e O(r) 
-» (68), 
d.d@@¢@4d\ ‘4 4.4 
(ar aReaG'4-rp) 0(Q)_ (« “aa ar ao? a OR) 
Cy Or) 
. (64). 


The requisite differentiations being performed, we > call, 
as in the examples already given, be in possession of the 
final algebraic relations among the constants of (60) and (61) ; 
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relations which, in this case, will evidently be of a somewhat 


7 complicated character. 
) Instead however of employing the above method, we may, 
y by the direct application of our fundamental proposition, A, 
2 demonstrated in §. 6, obtain at once a result conveniently 
adapted for numerical computation. For this purpose, having 
multiplied the upper equation (60) by 4, and to the result 
) added the lower (61), let 
. A+ha=A, B+hb= B,&c., A'+ha' =A',,&c..... (65), 
so that the resulting equation, Q+hg = R+hr, may assume 
the form 
A 2'+3B2'y+3C2y'+Dy'=A2°+3B'2"y'+3C/z'y"+D/'y°. (66). 
Then, by the proposition in question, the two final te 
(A,D, - B,C, - 4 (BP - A,C,)(C- BD) =0..(67), 
y (AD! - B/C/Y - 4(B,? -A,'C'') (C," - B’D,')= 0. . (68), 
.. must be identical relatively to h. 
d Suppose, for example, it were required to determine whether 
the equations 
)s ay = 82°y' + 3ry*+y".... (69), 
). 2 — zy’ = 2x"y' + 82'y®+y*.... (70), 
are derivable from a common system of linear relations, connect- 
ing z and y with z' and y’. Here (69) x 4+(70) gives 
, (1+h)2* - ry’ — hy’=(2 + 3h) xy’ + 8(1 + A)x'y? + (1 +h)y”®, 
whence, by comparison with (66), 
4 
5 2 et ol - 
: An) +h Ba OC, =-}.D-hA!<08fo—— Caio ch 
The substitution of the above values of « B,, ¢,, D,, m 
(67), gives 
, , 4 4 
hi + 2h? +h? -- -h-— | ae 
P 27 27 
) Again, substituting for A, B/. C), SD , in (68), we obtain 
- on reduction the very same aa viz. 
} , ‘ 4 
), ht + 2h? +2? -7-h-+-=0....(72), 
2 Ol 27°87 
and from the identity of these results infer, that our primitive 
= ‘ equations, (69) and (70), are in reality derived from a common 
1). 4 system of linear transformations. 
ll, 11. The determination of the actual values of the constants 
he involved in the linear theorems, connecting the two sets of vari- 


ables, constitutes a se parate beens of our general investiga- 
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tions. In proceeding to the discussion of this part of the 
subject, it will be necessary to resume the notation adopted in 
the first sections of this memoir. 

On referring to §. 4, the reader will perceive, that in the last 
stage but one of the process of elimination, by which we arrive 
at 8(Q), we pass through two equations involving two varia- 
bles. Those equations, it is there observed, and the truth 
of the remark might easily be proved, are linear. Applying 
this observation to the process by which 8 (Q + hq) might be 
similarly obtained, we see, that in whatever order the elimi- 
nation is effected, we, in the last stage but one, mect with two 
linear equations, involving the two variables which are last 
eliminated. Of these equations, it is however clear that 
one only can be independent, in consequence of the relation 
6(Q + hg) = 0, which we here suppose to be satisfied. Now 
as the order in which the variables are eliminated is indifferent, 
so that any two of them may be left as the subjects for the 
linear relations above mentioned, it is evident that in the whole 
there must exist m—1 such relations, connecting linearly, and 
by independent pairs, the m variables, z,, z,,. .2,,_ ‘These re- 
lations may be put under the form 


s # 2. (78) 
L l, *-e. - i. “ee A ’ 
L, /,,. .l,,, being functions of the coefficients of the several terms 


in(Q+ hq). Thus may the m independent equations 
d(Q4 hq) d(Q + hq) d(Q + hq) 
——_—~ = 0, — =0..,————~= 

A dz,, 

be considered as having merged into the m independent equa- 

tion 


en Gf 
dz, dr, +S) 


x 1 x, = x m 


‘oor & l 


1 2 m 


,9(Q+hg)=0....(75). 


Similarly, in the process of elimination, may the m indepen- 
dent equations 


d(R thr) ‘ d(R+ hr) d(R + hr) 0... .(76), 


dy, a5 . dy, deg dy, 





be regarded as merging into an equal number of independent 
equations, 


n,n,..n, being functions of the coefficients in R+hr. Now 
the two systems of equations (74) and (76) are mutually depen- 
dent, hence are also the systems (75) and (77). The conse- 








5 RM 





+965 RAS 
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quences which follow from the mutual dependence of the two 
last equations of these two systems have already been examined. 
The remaining ones, in their mutual dependence, are scarcely 
of less importance, as enabling us to determine the linear 
theorems connecting 2,, Z,....2,, With ¥,, Y.. .. «Ym 

12. We see, in fact, that when the values of z,, 2,.... 2,5 
are chosen proportionals to /,, /,....4,, respectively, the si- 
multaneous values of y,, y,.+.~ Ym» Will be proportional to 
N,, 2,.+..%,. ‘To determine the actual magnitudes of the 
values of y,, Y,...+ Y,» corresponding to an assumed series of 
values of 2,, 2,....2%,, another equation is evidently neces- 
sary, and for this purpose either of the primitive equations, 
q=r, or Q= R, is sufficient. We choose the former, and sup- 
pose that the substitution in g of /,, /,....1,,, in the place of 
Ly Levee %my gives aresult LZ; and that the substitution of 
My Mae oe eMmy LOY Y,, Yoo e+ +Yms in 7, gives N; then it is mani- 
fest, that since g and r are homogeneous and of the x degree, 
the equation g=r will be satisfied, as well as the m-—1 first 
equations of (75) and of (77), by the assumptions 


l l l 


zt,= - ’ te, = a 4... 2, = = roe Ss 
1 VL * yl yl 


. (78), 


n, nr n 


Y= ——, Y,= — ee Yu = ee - (79), 
y, VN’ ¥, WN Yn q/N 


which are therefore a set of simultaneous values of the 2m 
variables in question. 

Now /, 1,....4,, m ™,..++ Mm» involve h; as many dif- 
ferent values as are therefore assigned to that quantity, so 
many sets of simultaneous values will the above equations 
(78) and (79) afford for the variables z,, 2... 2,5 Yy> Yoo ++ Ym 
the successive substitution of which in the linear forms 


zt, = AY F AY, coeet Xn Yn 


By = MY, + MeYo sees + MmYm ...- (80), 


Lin= PLY + PoYo ees + PmYm 
will give equations serving to determine by linear elimination, 
the values of the constants 


7. crete eee 
The application of this method to (69) and (70), leads to the 
results 


L=2+yY', 


y=2; 





of 
ty 


18 Exposition of a Theory of Linear Transformations. 


which are easily verified. The values of h, for this case, as 

‘ ‘ . 1 2 
determined by the solution of (71), are —1, + geet and 
the formule to be employed in conjunction with either of the 
primitive equations (69) and (70), are 


:. _ = a — & “eee ee ( 8 1 ), 
A,D,- BC, 2(B?- AC) 
a y 


tao 9 
A'D'- B'C’~ 2(B®- AG) °° 8?) 
as will be seen on reference to (19). 

It might be presumed, that as the values of 4 are in some 
cases more numerous, and in others, from equality of the 
roots, less so, than would appear to be necessary for the form- 
ation of the different sets of simultaneous values of the vari- 
ables to be employed in the above process, we should in the 
former case arrive at superfluous results, and in the latter be 
compelled to have recourse to a different method of solution, 
for the discovery of the linear relations. How far these anti- 
cipations might prove correct I am not prepared to say, but I 
apprehend that under either of these circumstances, as well as 
under the supposed condition of / receiving imaginary values, 
an answering peculiarity will be found in the relations sought, 
rendering the solution possible and definite. 


13. The functions 6(Q) and @(R) may be shewn to possess 
many remarkable properties, both individually and in mutual 
relation. Of these the one I am about to demonstrate is 
perhaps the most important. It has been established in this 
paper, that when any two homogeneous functions, Q and q, 
with the same variables, and of the same degree, are by a 
common system of linear relations transformed into #& and r, 
then 


6(Q) O(R) 
mas . (88). 
0) 0(7) ) 
Let the ratio of @(R) to 0(Q) be represented by £, so that 
0(Q)= si 1% ; then by (83) also Hig)". The nature of 


the we 3 E it will be necessary to examine. 

It is in the first place evident that EH cannot in any way 
functionally de pend on the constants in Q and &, or in 
q and r, otherwise the equations 


0(Q)- 6( es 





i 











ct ARSE 


Exposition of a Theory of Linear Transformations. 19 


would suppose a relation among the constants in Q and q, 
which are entirely independent. Hence E can only involve 
the constants contained in the linear theorems. We proceed 
to determine its form in one or two simple cases. 





Let Q, be a homogeneous function of the second degree, 
with two variables, z and y; and let the linear relations by 
which Q, is supposed to be transformed into R,, be 

‘ 
r= ma’ +n 
hin. ee 
y=mrt+ny | 

Since E is independent of the constants in Q,, we may 
assume the values of those constants at pleasure, provided that 
our assumptions do not cause @(Q,) to vanish. Let then 
Q,=z'+y', whence 0(Q,)=1; also by substitution of (84), 


R,=(m* +m") x” + 2(mn + min')a'y' +(n? +n) y®, 
“ OCR, =(m* +m”) (n? +n) —(mn + m'n'Y = (mn! — miny, 


. Cem) ak 
E= 1 *s) (mn! m'ny. 

6(Q,) 

Hence if Q, be any homogeneous function of the second 
degree, transformed by (84) to &,, we shall always have 

O(R 
6(Q,) = | ») ce 
(mn'—m ny 


If Q, be a homogeneous function of the third degree, simi- 
larly transformed by (84) into R,, we shall, after an analogous 
patted nt 5 
but very complicated process, find 


0(Q)= 9%) 


= ; aT OO id 
(mn — mn) / 


The singularity of these results has led me to investigate 
the general law on which they depend, and I have arrived at 
the following theorem. 


B. If Q, be a homogeneous function of the n™ degree, with 
m variables, which by the linear theorems (80) ts transformed 
into R,, a similar homogeneous function; and if y represent 
the degree of 0(Q,) and 0(R,), then 

0(R,) 
6(Q,) = ym ccreneeee (87), 


E m 


E being the result obtained by the elimination of the variables 
from the second members of the linear theorems (80), equated 
to 0. 





itt 


ai 
hy 
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From (85) and (86) we derive the important theorem, 


9(Q,) -~ _O(R,) (88 
(0(Q)}° > TOUR )P 1+ 88) 
a theorem which, by (87), is easily extended to general 
indices. The application of ‘this result we shall have occasion 
to exemplify in the researches with which the second part of 
this memoir will be occupied. 

Resuming our former notation, we may observe from (87), 
that if H=0, then either 0(Q) and @(q¢) become infinite, or 
6(R) and @(r) vanish. - Under either of these circumstances, 
the equations of the general solution (32), (33), (34), dis- 
appear, or are greatly modified. By the nature of linear 
elimination it is evident, that the condition H=0 and the con- 
dition F(A,, 4, p,. +++ Ams Mns P,,) = 9 of (9), are identical, a 
circumstance which verifies the remark in 83, relative to the 
latter condition. 


Minster Yard, Lincoln, April 28th, 1841. 


II.—ON THE SURD ROOTS OF EQUATIONS. 


By R. Moon, M.A. Fellow of Queens’ College. 


Lemma. If we have the equation 
1 2 m— 


A+ Bo™+ Ce"+....+Le™ = - 0, 


where A, B, C....Z and z are all rational icaitlil and 
2 m—1 
a”, 2”....2™ , are all surds, we must have 
A=0, B=0, C=0,.... L=0. 
Suppose the rule to apply to the equation 
1 2 m—2 


a+ 4,2" + a” ees OF kale eres (ot 


1 2 m—2 m—| 





G+ Ae + Qe" +....+4, £2” +4,,_2 = Q, 


For from this last we have 


1 2 m—2 m—1 


OO, +b Dg B+ A Og M+... t+ Ong ™ +a z™ =0, 


m-2 1 m-2 m2 m-2 m of Jn 1 





Siaeaineis 


Peseta 


ie NORE 


4 
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and 
1 2 3 m—1 
aa, 2" + aa, cv" + a,a 


1 m-1 ‘m-1 


P+ ett eas* +624, 


‘m-2~ m-1 m-1 


or subtracting, 


l 2 


; ad,» 2 a. rad 2 (4,4, . i ad,,..) "+ (4,4, ai a,4,,,) x i 
+ &e. aasil =). (2); 
: 7 (Gy 5A gms) z”™ 


whence by our hypothesis we have 


‘ My,» — Oy, t= 0, 
| aan. — 4a,,_, = 9, 
: BAn — U%Am. = 9, 
L j 
: j cove =O, 
A @ nn Bn s4ma = 0; 
; from which series of equations we obtain, by eliminating 
. DB, Uy Mo oe e Uy sy 
Of m 
4 x =(2n2)’, 
‘ Qn, 
x 
an equation which comprises all the roots of equation (2). 
¢ m—1 
‘4 Now it is evident that if we eliminate z™ from the 
equation 
m 1 2 m—1 
Uno m m a 
a-e|——] +er+aa”+az"+....+4,,0™" =0, 
a , 
m-} 
1 (which we will represent by «=0,) by the same process which 


we adopted with respect to (1), that we shall in like manner 


arrive at the result 
a m 
z= (222) ee 
e,, 1 


and this last equation will include all the roots of 
1 
z”)= 0, 


ene wie oor aR ns HG 


U(Ay.» — yy 


and therefore of u= 0. 


If we represent the roots of the equation z"-1= 0, by 
1, a,, a,,....4,,,, itis clear that w will be divisible by 


1 1 1 
a — é... & 
A= (= ~a, ca)( -a, ‘n) tal Oey, cas), 
Ay, 1 ay 1 % An 
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without a remainder. Now 


m l 
G.. - 
u=e. (=- 22) + p(2), 


a 


“m-). 


where @ represents a function of m-1 dimensions; and if we 


m 1 
= is ° = 
divide e. (= _ ‘a by A, the result is (2 - a) e; whence 


a 


m-)\ 
i 

is plain that o(2")= A x const. = Aa,,,; hence the roots of the 
equation «= 0 are 


a, 2 an, 2 a, 2 e.. 2 
a,, 1 Gn m-1 m-| 


But we have before seen that the roots of w=0 are in- 








' Dna 
cluded among the roots of (3), therefore { e.— - 1) must 
be identical with some one of the quantities 


a ’ a, wm, > a, a oe is a ’ 

a1 Qn Gn, 1 ay 1 

which is impossible, since e may be any rational quantity 
whatever. 





Suppose the rule to apply to the equation 
1 2 m—3 


m m 


A+Qr” +40" +....+a, ec” =0, 
it will also apply to the equation 
1 2 m—3 m—2 


A+ G2" +Gf"+....4+0 6 "+a, ,0™" =0......(4) 


-3 m -2 





For from this last we have 





1 2 m—2 m—1 
m m 2 m a 
Uy GL” + A Ay f+ ose rt hy ™ +O, 3 ™ =9, ; 
2 3 m—1 y 
and aa, 2” +a@.2°+....+@@ 2” +@. 2 =0, 
n-2 m-2 m-2 > m-3 m-2 


and subtracting we have 


1 2 
2 m m } 2 
-@,, +a, 2" +(aa, ,- aa, ,)z | 
beeee = 0; 
m—2 4 
2 m fi 
t (a m-3 G14) x q 


m—2 
and eliminating z ” from this last by means of (4), (which 
we will represent by u=0,) the resulting equation will be 





ch 
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1 1 
u(a .—a x?) a? x const. = 0.. .(5); 


m-3 m-2° 


whence, by means of our hypothesis, it is plain we can find 


POG Me sivas tess v5xe 
an equation whose roots comprise all the finite roots of (5), 
1 
and which gives m different values of x”; whence it follows 
that the equation w=0 must have m-1 different roots, which 
is absurd. 

It may be proved in a manner precisely similar to that 
adopted in the latter of the two above cases, that if the rule 
applies to the equation 

1 2 m—n 
A+ar™+ ar" +....+4 " =0, 
it will also apply to the equation 
1 2 m—n m—n, +1 
r m 


+OS + ccer tO _ 2” +4 a7" 2 


mon m-n+l 


a+aa 
But the rule holds for the equation 
1 
a+azr"=0; 
hence it holds generally. 
1 


We are now enabled to shew that, if a+b" be a root of an 
1 


equation, where a and 6 are rational, but 6” is a surd; 
1 
a+ab" is also a root where a is any root of the equation 
z”*-1=0. 
Take the case of 
a” + pa’ + qa’+rx'+sxr+t=0. 

and let the result of the substitution of a 4 i in this 
equation be 

5 E Q 7 

bs Ab + Abs Ab? + Ab? 4 A,-0; 
whence, by our Lemma, 


5 


b? 4 Ap 


2 
3 


© Oe ceees CR) 
4 4 
Ab?* + Ap’ mW. cawece dee 
Ab + A,=0.......- (8) 
Let a be a root of the equation z*- 1 = 0; then we have 
(1) x a® +(2)xa+(8)=0, 
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or (observing that a’= 1,) we have, making the necessary 
arrangement, 


5 2 1 
bra? + Abia + A, ba’ + Ap a + Aba + A, =; 
I 


that is, a+ ab” is a root; and the same proof evidently applies 
l 


generally. Hence, if an equation has a root a+”, it has a 
corresponding factor 
(x - a\"-b=0. 

It may be observed, that the occurrence of these groups of 
roots will, in certain cases, facilitate the solution: thus in the 
present case the solution might be effected by means of an 
equation of four dimensions. 


It will be found also, that if m be the denominator of the 
surd, and z the number of dimensions of the equation, and 


n+ 1 : 
m > “amy where v is odd, 


n . 
or m> = where n is even; 
1 
the group of roots a+", will introduce no more complexity 
than a single root; that is, the equation may be solved by 
means of one of »—m+ 1 dimensions. 


It only remains to add, that if 
1 1 
a+b? +c? 


be a root of an equation, there will be six roots depending on 
the same irrational parts, which are comprised under the form 


1 s. 
aib’+ac’, 
where a is a root of the equation z*- 1=0; for whatever be 
the number of roots depending upon 0°, cf, it is clear that if 
1 


when 6=0, a root a+e* occur, we must have corresponding 
1 


3 


*, a+ ep 


to it two others, a+ ac hence, if a root occur 


, 4 
in the proposed equation, of the form a+c’ +, where @ 
vanishes when 6=0, there must be corresponding to it the 
1 1 
roots a@+ac* t+, a+ a’c? 4 o. In like manner it may be 
i 


shewn that whenever a root a+6°+@ occurs in the pro- 
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4 


posed equation where @ vanishes when c 


= 0 there must be 


1 
corresponding to it the root a~6°+. Hence, corresponding 


to 1 


3 


i 


1 
, we have a+? +ac’, 


1 
a+b’ +e 
2 1 
a+b? +a’e’; 
corresponding to 


i 1 
?+ac*, we have a-b* +ac’, 


a+b 
r 3 z 3 
a+b°+a'ce*, .......a-b' +a’. 


And generally, if we have an equation having a root 
1 1 1 
a+b"+c'+d?+.... 
it must have for a root 
1 1 1 
a+ Bb" + yo"+ dd? +.... 


where # is any root of the equation z"-1=0, 


Ov iv atevidscasasieunene f= Fag 
er swawians iédusenccassisn aera 
bideuindamie Denna aed = 0, 


the number of roots in the last case will be =m.n.p.... 
and it may easily be shewn that the factor to which they 
will jointly give rise will be rational. 





III.—NOTE ON A PASSAGE IN FOURIER’S HEAT.* 


In finding the motion of heat in a sphere, Fourier expands a 
function Fx, arbitrary between the limits x=0 and x= X, in 
a series of the form 

a, sin nx + a, sin nx + &e. 
where ,, ”,, &c. are the successive roots of the equation 

tan nX 

—=1-hX. 
nX 


Now Fourier gives no demonstration of the possibility of this 





* From a Correspondent. 





26 Note on a Passage in Fourier’s Heat. 


expansion, but he merely determines what the coefficients 
a,, a,, &c. would be, if the function were represented by a 
series of this form. Poisson arrives, by another method, at 
the same conclusion as Fourier, and then states this objection 
to Fourier’s solution; but, as is remarked by Mr. Kelland, 
(Theory of Heat, p. 81, Note,) he “does not appear, as far as 
I can see, to get over the difficulty.” The writer of the fol- 
lowing article hopes that the demonstration in it will be 
considered as satisfactory, and consequently as removing the 
difficulty. 
wx 


Let 2,X=«,, x* 2, and Fr= fz’. 


Then the preceding series will take the form 


. 62 - 6f 
a, sin + +a, sin +- + &c., 
T T 
the accents being omitted above z. 

Now it is shewn by Fourier, that 


2-1 
o{ ———— -0,) @, 


where ¢; is always less than 4, and is equal to 0, when ¢ is in- 
finitely great. Hence the series becomes 


, 1 ; 
a, sin € - “) x+a, sin ( - “4 + &c..... (a) 


Now it is easily shown, from the fact that any function of z 
can be represented, between the limits 0 and z, by a series of 
either sines or cosines of multiples of z, that it may be repre- 
sented, between the same limits, by a series of the form 


bo! co 


ele. | : 
Asin—2x+Bsin re 
2 2 


Hence each of the quantities 


a y | . £e , 
sin -¢,)z, sin —c,)z, &c., 
2 . * 


can be developed in a series of this form. We may conse- 
quently assume sin (}-—c,)z equal ¢ terms of a series of 
sines of odd multiples of 47, together with a quantity, ‘e,; 


ef. ‘ — : 
sin (5-4 x equal to z terms of a similar series, together 
> 


with a quantity ‘e,; and so with all the terms of the series (a), 
. {2-1 : 
up to the term sin ——-¢,}2, which may be assumed 


~ 
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equal to ¢ terms, together with a quantity ‘e,; and it is readily 
seen, that each of the quantities ‘e,, ‘¢,,.... *e,, is infinitely 
small when ? is infinitely great. Hence we shall have 


re |  [s . (2-1 
a,sim |—--c,]z+a,sm(—-c,]z7+....+4a,sm {——-¢c,]2z 
2 i a 2 


6 


re | — - 23— 
= A, sn —x+ A, sin- 7+....+ A; sm — x 
2 oe 3 
+ a,'e, + a,'¢,+....+0,'e,, 

A,, A,,....A;, being known, in terms of @,, a,,.... q;. 
Hence, conversely, any series 

bd ’ 
3 . 2-1 
-£+....+A; sin - 2, 
2 
where A,, A,,....A,, are arbitrary, may be represented by 
another series of the form 


. fl a i 7 
a, sin (; - ea - ,\ + a, isn (; “) x | Fe mes 
_ {2-1 
+ @; I sin (= z ‘) - ie,| . 
l : J 


where @,,d,,. .. .@; are determined, in terms of A,, A,,... ..A,, 
by ¢ equations, giving the latter quantities in terms of the 
former. 





.- . 
A, sin — £ + A, sin 
2 


9 


Let now i=; then each of the quantities ‘e,, ‘¢,,.... ‘e,, 
will vanish, and it will follow that any series, 


ra tae 
A, sin = 2+ A, sin ; z+&c., 


may be represented by a series of the form 


a i. 
a, sin{ —-—c,)2+a,sin{~——c,})2 + &e. 
2 a 


Now any function, fz, can be represented, between the 
limits z=0 and z=7, by the former series, and consequently 
by the latter also, between the same limits. But the latter 
series is equal to 


of ae 
a, sin + +a, sin + + &e.; 
T wT 
and hence fx can be represented, between the limits 0 and 7, 


by this series; and therefore it follows, that any function, Fz, 
can be represented, between the limits 0 and X, by the series 


a, sin nx + a, sin nx + &e. 


P. Q. &. 














IV.—NOTE ON A SOLUTION OF A CUBIC EQUATION. 
By J. Cockie, B.A. 


To the Editor of the Cambridge Mathematical Journal. 


Str,—Permit me to add a few remarks to the Solution of a 
Cubic Equation, which you did me the honour of inserting in 
your twelfth number. 

Let a’, B', y'; be the three roots of the original equation 
J (x)=; then the roots of the transformed equation f(y) = 0, 
will be az, [3'-z, y'—2, which let equal a, 3, y, respectively. 
By the known law of formation of the coefficients of an equa- 
tion, the relation, among the coefficients of f(y)=0, B’=3.AC 
is the same as 


(aB + ay + By) = 3.aBy.(a+ B+); 
which, by expanding, transposing, and dividing by a’, 3’, y’, 
becomes 


l ‘ 1 ] l 1 1 (1) 
a cy y afs ay By 


ee ° ee: | . ; 
Solving this as a quadratic in —, we find that part of the 
a 


i ae : : 
value of —, which is under the radical sign, to be 
a 


38 fi “) 
4°\B yy)’ 


which, being essentially negative if and y are real (unless 
=), shews that the equation (1) is inconsistent with the 
reality of all the quantities a, B, y; if therefore a’, (', y', be 
all possible, z will be impossible, and the expression for z will 
assume an impossible form, unless two of its roots be equal ; 
but when two of the roots of f(z)=0 are impossible, (1) may 
be satisfied by a possible value of z, and the possible root at 
once exhibited, as in the examples. 

On solving the equation in z, that part of its value which is 
under the radical sign is 

(ab — gcy — 4(a’ - 3b) (0° - 8ac)_ 

4(a’— 3by 5 
and, the denominator being a complete square, the condition 
for z being possible is that the numerator should be not less 
than zero, or (reducing) that 


81c + 128° + 12a°e — 3a°b? - 54abe > 0, 
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or, dividing by 3 x 4 x 27, 


(3) +(3) +2 (3) ~zaan + 995 


which is the condition for z es ili that is, of there 
being one and only one real root to the equation; or of all the 
roots being real and two equal; which last will be the case if 
the left-hand side of the above equals 0. If the above does 
not hold, all the roots are real and unequal. 


Although there are two values of z, and three of the radical, 
which enters into the expression for z, yet these give only 
three values for z; since, obviously, the two values of's z admit 
of no combinations with one another, but whichever value we 
take is used as if the other had no existence. It is indifferent 
which value is selected; thus, in the second example given of 


10. 
the method, the value z=— gives the same result as z= 1. 
a 


Trin. Coll. Camb., May 19, 1841. 


V.—ON THE INTEGRATION OF CERTAIN DIFFERENTIAL 
EQUATIONS. 
By B. Bronwin. 
» d’y 
Ler (1 - 2’) 7 ty = 0, m=p(p-1), mand p integers 
ax 
If y= a2", we have for the determination of a, the equation 
n(n —1)a,={(n- 2) (n-8)-m} a... 


I shall call this the scale of the equation for the sake of 
convenience. 


Making n= 0, 2, 4, &c. we have a,=0, a,=0, &c. and 
m m (m-| 1.2) m m(m- 1. 2) (m-3. 4) 
2 ae 2.34.56. ” 
and making x= 1, 3, &c., a,=0, a,=0, &c. 
m m(m—2.3 m (m—2.3)(m—4 
a,=-—d,, @,= ( )a,, a,=- nf J s), , ae. 
’ 2.3 ; 2.3.4.5 2.3.4.5.6.7 
Consequently ‘ 


1." m 2, me (m- ~1.2) 4 m , — -2.3) 5 


y=a,, 1-— 2°} tbe. 40,4 2+— x fee, \ 
| 2.3.4 "tr sa 2.3.4.5 ( 
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This is the complete integral of the proposed. One of the 
series which it contains will always terminate in the case sup- 
posed, and give a particular integral in finite terms, by means 
of which the other particular integral may be found in finite 
terms also. 


Let m=p=2; we have y=a,(1-2*)=C(1-2’), a particular 
integral. Make y=(1-2*)z. Putting this value in the pro- 
posed, we find 


dz 2x l+z 
z= —___._ = 1C| —— + log Cc’ 
C[ 15% og 2) ‘ 


and y=C 1224 (1 - 2*) log =n C'(1 - 2”), 


for the complete integral. 








Again, let p=3, or m=6; then y = Cr(1 - 2’), a particular 
integral. If y= z(1 -2x°)z, we find 


da ; of 2-3 hom. 
2=C/- iene. ire pad 2 
FG - = $C ay a 


and y= oy z” ~t+a(1 ~ x’) log -*t}+ ez — 2’), 
x 


for the complete integral. 
In the general case the second particular integral may be 
found in finite te rms, thus: 


1+2z 
Make y=u + v log = 





’ 


where v is the particular integral which terminates. This 
value substituted in the proposed, gives 


4x 


d*u dv 
(1 - 2) 3 + mus 4 + er allel 


dz 
or if v=(1-2°) w, 
(1 - 2’) +mu+4(1 — 2’) .. 4zw = 0. 
dx’ dz 
If w= a,2", w = Xb,2", the scale of this is 
n(n—1) a,+{m-(n-2) (n-3)}ba, + 4(n-1)b, 4 (n-2) b, =0. 


n-3 


We now want the value of w. To obtain it we make 
y =(le-z’)z. This value substituted in the proposed gives 
d*z dz 


dx 


(1 - 2”) ~ 4 + (m - 2)z=0, 
ax 
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of which the scale is 


n(n-1)b ={n(n-1)-m}b_., 


which gives 





m-1.2 , (m-1.2 — 3.4 
z= 6,41 -——— 2° + ( dle ba ) gs - &e, | 
2 2.3.4 f 
+ b, [,. 22 ee 2.8) (gm ~ 4.5) a - &e. | , 
\ 2.3 2.3.4.5 J 


The particular value of this which terminates gives w. 


Returning now to the former equation, all the values of 
b,, b.,, &c. and of a,, a, &c. are nothing. And since we 
only want one arbitrary, which will be 4, or b,, we shall have 
a, or a, to assume at pleasure, but we shall not know how to 
assume it so as to make the series terminate. We shall there- 
fore begin at the further extremity of the series, where 4, = 0, 
b,,=0, &e. 


If we make a,,,=0, we shall have a,,,, a,,,, &c.=0, and 
we shall determine a,_,, @,,, &c. in a retrograde order, and 
we shall have the value of « expressed by a series which 
terminates. 


But we have z, or rather a particular value of z, by a 
descending series. Thus, 


3 —2 ~3 
2=4,, Sap - (p )(p ) ap ‘+ &e.| , 
| 2 (2p - 3) J 
Taking this for w, and making a,,, = 0, we shall easily find u 
by a descending series which terminates. 
If we integrate the proposed term by term successively, 
we have 


a if 

(1 - 2*) “i im = +(m-2)y,=0, y,=fydz; 

dx dz 

(r~ 0) +10 Bicte-s 3)y,=0, y,=fy,dr; &c 
wi ° dz — a eee 


» d’y dy 
l= 2) 22) 4 8io=)l)e—=0 
( ) dx’ (p-}) dx , 
which is integrable, and will give a particular integral of the 
proposed. 
If now we differentiate successively, we find 
_s, GY, dy dy 


-#)—2-27 —imy,=0, y,=~; 
) dix’ dx ae i ae? 


(1 
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T* if 
( Ys ae UW: 


1-2) —2- 
( a di’ dx 


+(m—2)y,=9, w= 4 ; 
o; 


» &% ly. dy, 

(1-2)- Ss _ 62 , Is +(m-2.3)y,=0, y,= od, &e. 
dx dz " 2 

dy, 
2px —! 
PP ae 
This will give the other particular integral of the proposed : 
and it is obvious that the integrals of all the preceding will 
easily be derived from the integral of the proposed. 


(1 - 2’) Yr - = 0. 
dx* 


We now sy to a second example. 
Let (14+2 ¥ —~my=0, mas before. The scale of this is 


ibn ~1l)a,={m-(n-2)(n-3)} a,., 


n-2 


which gives 


yaa, 14%, gy) aac. | nye mea 5, m(m-2.3) 5 2 | 
site: | 2.3.4 \ 2.3.4.5 "| 


One of these series will terminate and give a particular 
integral in finite terms. Let p=m = 2, then y=C(1+2"), a 
particular integral. Make y=(1+2")z, and we find by sub- 
stitution in the proposed, 
dx ' 
2-of—" - 4 an” ‘els C, 
(14 zy ‘ ates a 
and y= C'{r+(1+ 2’) tan" } +C'(1 +2"), 
for the complete inte gral. 








Again, let p= 3, or m= 6; then y=Cz(1 + 2°), a particular 
integral. And if we make y= 2z(1 + 2°) 2, we find 
dx v+% ' 
:-0f- . = 3¢) ie tan? 2! 40", 
J#(l+z2y 2" \z(1 +2’) j 
and y= C' {a#°+$+2(14+ 2") tan’ x} + C'x(14 2°), 
for the complete integral. 
By proceeding as in the last example, putting tan” z in- 
1+2z , , 
stead of log Tz’ W° shall find the second particular integral 
- 1-2 
in the general case in finite terms. Also, 


d*y, 


2 dy 
1 +2” is ~ 997 V1 
( + 2) dz? 2x = 


-~(m-2)y,=9, y,=fydz; 


(1 +2") 


dy, - dy, 
dx ‘dz 


—(m - 2.3) y, = 0, y= SY, dx; &e. 
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9 


» a’y dy dy 
1+2°) —4 27 -—!-my,=0, y,=—, 

( ) dx* dz 4 I Oe 
2 a’, dy, dy, 

(1 +2) —2 + 42-2 —-(m-2)y9,=0, y,=—2; &e. 
dx* dz ) Ye I da’ ~ 

As a third example, suppose 

Pe if 

CP am x) mall L mz . Y —-ry=0, m =p+q- i, r= PQ: 

dx’ dz ‘ 


The scale is n(m—1)a,={(n-2)(n—3)-m(n-2)+r} a,.,, 
or n(r—1)a,=(n—p-—2)(n-q-2)a,,. 
This gives 


{4 P22, Plp- 2)9(9- 2) 1, | 


ars ) a. 2 4 
i P , (e-D¢=) », (p-1)(p-3)(q- 1) (¢-3) as &e. | 
a | 2.3 2.3.4.5 


If one of the quantities p, g, be an even and the other an 
odd integer, both these series will terminate, and we shall 
have the complete integral in finite terms. Let p= 2, g=1; 
y = C(1+2°)+ C'x is the complete integral of 


d’y ate dy 


(1 - 2”) 2y = 0. 


da’ dx 
If one only of the quantities p, g be an integer, even or odd, 
we shall have a particular integral in finite terms ; and we can 
express the other particular integral in finite terms by means 
of ordinary integrals. 


. — . P dy 
Differentiating the proposed, making y, = an? We have 
da 


ee , ad ; 
(l-2 on + Mx oi ry=0, 
dz’ dz : 


m=m-2=p+q-38, r=r-m=(p-1)(q- 1). 
Hence p and qg, by this operation, are each diminished of a 
unit. If therefore either of them be integer, we can, by re- 
peating the operation, take away the last term from the equa- 
tion, and render it integrable; but we should obtain only a 
particular integral. 

For a fourth example, let 
(1 + 2’) : J _ me 2, ry =0, 
dx dz 
mand 7 as before. 
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The scale of this is 
n(n—1)a,+(n-p-2)(n-q-2)a,,=0; 


whence we find 
fy tt x’ 4 p(p - 2) ¢@- 3) a - &e.| 


its | 2.3.4 
na f,_(- 1)@-1) 2, P-Y)Y-3)@- 1)(q-8) 15_g\ 
| 2.3 2.3.4.5 J 


If p and q be an even and an odd integer, both these series 
terminate. Let p=2, g= 1, and we have y= C(1-2*)+C'z 
for the complete integral of 


dy 
— + 2y = 0. 
1 y 


(14 Ne — 2 
dx’ dz 


If one only of the quantities p, g be integer, we find only a 
particular integral in finite terms. 


: a . dy : 
Differentiating the proposed once, making Tp We we obtain 
dx 


a similar equation, p and g being each diminished by unity. 
By successive differentiation it integrates itself, as in the last 
example, p or g being an integer. 

Having obtained one particular integral, the other may be 
sometimes found by a simple transformation, as in the two 
next examples. 


Example fifth. 
ye? 


dy 
dx’ , 


Let m—~-—ry=0, r=p(p-1). 
4 oe PY 
The scale mana, = {(m - 1) ( - 2)-r}a@_,, gives immediately 
r ? r(r-1.2 r” (r—-1.2)(r-2.8 
y=a, | 1- —- £+ — 2 -—-— *) a4 ( ; ) a &e, 
| om 2m* 2.3m 2.3.4m 





This is a particular integral, and it terminates in the case sup- 
m 
oe ; (axe * 
posed. If & denote this integral, we find y= Cov --— for 
v 
the other particular integral, which we might suppose could 
not be freed from the sign of integration. But if we make 
m 


y=zec *,the proposed becomes 


a2 dz 2m 5 
v—— + m— -([r + —) z=0. 
dx’ dx x 
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The scale is n(m-1)a,, + {n(n-1)-r}a,=0, 
or n(m—-1)a,,+(n-p)(n+p-l1)a,=0, 
which gives 
2 (PHD) =, (PHD) (P12) (P-2)(F-9) 1, 
n 


1 2m" 


z=, « 


This terminates ; and it is obvious that it is not the par- 
ticular integral before found, since it cannot by any means be 
reduced to it: we have therefore the complete integral of the 


m 
proposed in finite terms. And multiplying it by c*, we have 
that of the equation 


2 az dz 2m 
x—+m—-l{r+—]z2=90 
dx* dx 2 


We can easily deduce also the integrals of the following : 


TY, ¢ dy dy 
x de + (22 — m) i -—ry,=9, hae 
, d’y, dy dy 
2 —— ris 4; one es “ee _ ( : = os ; 
dio (42 — m) 7 (r -2)y,=0 ae = 


, d’y. ly, 
al a + (6x — m) 7” -(r-2.3)y,=0, y,= *, &e. 
snd ead - 5 dx 
. — dy 
. de — Qar+ m) 7 ot sine 2) y, = 9, ¥,= fydz, 
d’y, dy, 
P cas wif gh ct. et EY Cee . = 0, y= y.dx &e. 
i il a )Ys Y= Sy, dz, ¢ 


Continuing these processes, the last term will ultimately 
vanish, and the equation become integrable. 
Example sixth. 
Let ss + G Y By, m = p(p- 1). 
Here {m-n(n-1)} a,=(n-1) ga 
Hence we find 


— f _m m (m — 1.2) _ m(m —1 «®) (m — 2 


n-1° 


pl nee 3 tbe +&e.| 
gz 272 2.3q°u° f 





a particular integral, which terminates. 
Make y = zc, and we have the transformed 
dz dz m 
q 


dx dx x” 
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just found, and we have 


ie iF ; m =e ae m(m — 2) (m — 2.8) ‘iat 
| g« 2q°a 2.3q°2° | 
therefore 
9 ‘5 4 =e 
“ oli m mim 1.2) _&c.\4C'e* f4.™ _ mm 1.2) &e.| 
Lge! 2gia* J gz qa 


is the complete integral of the proposed. 

If in the value of y we change g into ~-g, we have the 
complete integral of 
d*y dy m 
= q ame 2 z 


dx* dx x 
Make y= 2?u, and we find by substitution 


2 


d*u (2 \ aan 
2 —+(2p + ox L gpu = 
dx” i dx Uw 
The integral of this last, therefore, is immediately derivable 
from that of the proposed equation. 


: dy 
Again, make = + gy = w, and we have 
dz 


, dw , dw ‘ dw dy 
x =my, 2 — +22 — =m— 
dx “a da* dx dx 


Add to this the preceding multiplied by g, and we get 


dw (2 2) dw 
ce — +(22% + gz") — = mw. 
dz” q dz 


We have therefore the integral of this last also. 
Make y = ve +, and the proposed becomes 
d’v ee, 
dz #2°" 
of which we have also the integral. And changing qg into 
2q V—1 in the integral of this last, we have that of 


7 ., m 
~+Qv=-,v 
dx” 4 





But the integrals of the two last are better found directly ; 
and the operation will show us, that when we cannot imme- 
diately obtain one particular integral, we may sometimes by 
a simple transformation find them both. 


q . 
Let a - y= - y, m=p(p-1). 


Hence we have only to change g into —q in the value of y 
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We cannot here obtain an integral immediately. 


d*z dz m 
Make y=2c, then — -— 2% — 2 
y ‘ dz’ dz x” 


The scale of this is 


tinge {n(n -1)-m}a, =(n— 1) 29a, ,; 
which gives 


senile, 2. Oe 
| 2gu 2(2gry J 
om m(m—1. 2) | 
and y= Cc* ‘alg E + 2 (agz? + &e “f 


If we change ¢ m -q, we have 


— 9 
y= Cle fy _ mm (m-1.2)_ &e.| 
(0 aga" 2 (2g) J 





These are two particular integrals of the proposed, and give 
for the complete integral 





m mm-l. 2) m mm-—1.2) 
1+ 


+&c. \ +Corh hae yo &e. 
Lage 2(agxy J LO age 2 agay I 

Changing g into gV—1, and suitably changing the arbi- 
traries C, C’, we shall easily find, by taking the odd and even 
terms separately, 


y=C sin (qx+3). fy 


y=Co* 





m(m-1.2) m(m-1.2)(m—2.3)(m-3.4) «| 


" ~ 1,2( Qgx)y 1.2.3.4 (2gz)" 
-1.2)(m-2.3) 2 ) 
" {m _m(m-l. 2.3 a 
+ C’ cos (ga + (3). \2er 1.2.3 (2ga) +e 
for the complete integral of 
d*, 


cr tgy= Sy. 


We might have ascending series instead of descending 
ones; but it would only be beginning at the other end of the 
series. And it may be observed, that the method employed 
in the last example is one that has been long applied to the 
integration of kindred equations. . 

In the last equation make y = 2’z, and it becomes 


dz ar dz , 
—+- -+g2=0, r(r-—1l)=m. 
dx x dz q , ( ) 


Again, make y=2"z, and we have 
. d*z 2r dz 


—_ & —+@g2z2=0, r(r+1l)=m. 
dz’ x dz t , ) 
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Thus the integrals of these two last are immediately obtained 
from the preceding value of y. 

When we cannot obtain a complete integral, it will some- 
times happen that a particular integral will suffice: and some- 
times by means of ordinary integrals we can, with a little 
tact, obtain another in a simple form. 

d*y dy 1s 
Let at ge _* gmy =0, m an affirmative integer. 
dx’ 
Make y=zc 4%, 
This give es Gx - + g’mz = 0 
S gives —- gx — z= 
a de ¢” Ga"! , 
of which the scale is »(m-— 1) a,=(n-m- 2) qa... 
Hence we find 
moo m(m-2 m(m—2)(m— 4 
a) Poe gz’ + ( Dstt. r ( rs )( 4) 678 1 Bo. 
y 2 2.3.4 2.3.4.5.6 
‘ m-1,, (m- oe 
+C - —- —— gx + ( )  g »_ &e,| 
\ 2.3 2.3.4. f 
and therefore 


Ce wel” 
nai 


ox Pes al 2) at 





—&e. \ +Cic ite" wieiia rig vik.) 


In each of these integrals one of the series which they 
contain will terminate; the first if m be even, the second 
if odd. 

If we change ¢° into -g’, and suitably change the arbi- 
traries, we have 

dy . dy _. d*z 


dz 
2 Y  g’my = 0 —— z=0, 
de “9" qmy > oe + ¢2 — qm 





2=C {1 + = gx + sig : = ‘2+ &c. +C' {ae Lae qu “nee, 
wale 9 , 
y=Cels** fe oo ame) v7 2 g'z'+&c A, C'chvs {get 4 *x*4 &e.| 


Thus we have, in finite terms, a particular Brive of each 
of the four preceding equations. Before we proceed to find 
the other particular integral, it will be convenient to have 
that already found in a descending series. 


d*y dy 
If —" + 
dx* 


+ q: x yo q my; n(n—1)a,=(m-n+ 2)q°a, ‘ and 
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-. iF z m(m — 1) ‘ m(m—1)(m— ¥ (m— 8) sie: 
. l 2ge 2.4g'z" 
which terminates whether m be odd or even. 


Changing ¢’ into —g’, we have 


ay “x dy + my = 0 
— — gir + q?’my = 
dx’ d dx ymy 
re , _m(m— 1) m(m — 1) (m - 3) (7 — 8) poo 
: 29°x" 2.4q%z* J 
and from what has been done, 
~~ . 
=5t+7t—+gmy=0; 
det" gg 1" 
— Cate les" fi _m(m — 1) | m(m—1)(m— 2) (m - 3) Re \. 
: 2q°a" B ae Sc 
dy ,d , 
—.- gx —-qmy=0;3 
dz dx ay 
28 1 1 —2 1— 3) 
y = Coch 2 fy . _— 1) , m(m —1)(m om heal a &e.| 
L 27 2.492 | 


We are now prepared to find the other particular integral. 
For this purpose we will take 
d*z dz ., 
de q: ta + gmz = 0. 


Make z= uci*" + fdrci*, 
where v is the particular integral already found. Substituting 
this value, we have 
du. du, ide 
- + [7 + YmMu + = = 0. 


dx 

If w= Baz", v= Xb,2", the scale is 
n(m—-1)a,+(m+m-—2)g'a,,+2(nm—1)b 
n(n—1)b —(n-m—- 2)q°b, 


= 0, 


n-) 
.=9, 
Now b.,, b,,, &c.=0. Make a,.=0; thena,,, a,,,, &c.=0° 
and we have 
2m b m(m—1)(m-2) b 
@.,=-——~ 7, @4,,=- 2, &e. 


m-3 


mt Qm- 1° ¢? 2m — 1 q 
The scale shows that the series terminates either at a, or a 


0? 


according as m is an odd or an even number. And thus we 
shall have 


ag. Oh OO kc FOR OF Gs 


m-1 m-3 ! 0 
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Multiplying the particular integral thus found by cit" and 
then changing ¢° into — gq’, we shall have the other three par- 
ticular integrals. 

By successive differentiation and integration of the four 
equations last integrated, we should ultimately make the last 
term to vanish, and the equations to integrate themselves. 
But for the most part we obtain only particular integrals by 
such a process. 


d's dy = ma 
As another example, let - 4 +9q » Bee. | y= 9, 
dx’ dx 2 


tive integer. Make y = zc, and we have the transformed 


m a posi- 


1*z dz m 
ath -¢ — a | z= 0. 
dx’ dx 


Here n(n — 1)a, =(n-—m-— 1) qa,_,3 


m—1 (m — 1)(m-— 2) 


whence z= Cr F qu 4 


ge 


gx - &e.| 


m — (m—1)(m-2) .. go 
y= Cree if = - : qx + wi a : ) ga? - we, 


Changing q into —q, we obtain particular integrals of 


7 .g WM eue 


d*z dz mq. 
dz’ dx <x ° dx 


+6 = 0. 


dz 
All these integrals terminate in the case supposed. Found 
by a descending series, they are 
r.  m{m-1) m(m-1)(m-2) m(m-1)(m-2)(m-3 
2=Cx" ff. i ) 3 ) a s X 9) a.\ 
qr a 2.38q2 
F m(m—1) m(m-1)(m-—-2 
= t 


y= Cr"c * 
: gx 29g" 


)_ &e 


Changing q into -g, we obtain the corresponding integrals 
of the two last equations. 


In order to have the other particular integral, we will take 
the equation 


d*z dz qm 
——— Gg —— + — 2 
dx’ dx 2 


uc™ +40 i= co, 


J & 


= 0, 


and we make 
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where v is the particular integral which we have found, 
whether by an ascending or a descending series. By substi- 
tution we find 


d*u du qm 2dv 1 
—~+g9—+*—u r=0. 


dxr* dz 2 sd 
If w= Sa,2", v= dbz", the scale is 
n(n — l)a,+(m+m-—1)qa,,+(2n 1)b,= 0, 
and n(n —1)b =(n—m-—1)qb_.. 

As we only want a particular integral, we have one of the 
quantities @,, a,, a,, &c. more than we want, since we have an 
arbitrary in the value of v. We may therefore make a, = 0; 
then a, a@..,,....=0; since 6. =0, b .=0, &e. 

m+1 m+2 m*+1 m2 

We begin at the further extremity of the series, and find 
the quantities @,, a,, &c. in a retrograde order, and we may 
take either the ascending or descending series for v; but the 
latter is more convenient. ‘Thus we have 


Y y 
b,, C \ ae 
a, ,=-—4= » @,,={m(m—-1)-1} 5, &e; 
ys. ™ ¢ 
b, 
also a, = , a,=0; 
mq 
therefore w=a@, 2"! +a, a7" +....4 ay 


From this, by multiplying by e”, and changing g into —¢ as 
before, we derive the other three particular integrals. 

It is often very important to attend particularly to the 
scale ; for it will often direct us to the right mode of finding 
the integral, when otherwise we might have overlooked it. 
We will show this in a few examples, though it must in a 
great measure have been apparent as we have proceeded. 
oe ag. PEt 

de zd z#°* 
The scale is {n(n-1)+mn+r}a,=0, or n(n—1)+mn+r=0. 

Let n,, ,, be the values of » which satisfy this equation ; 

then 
y = Cr" + C'x". 

It is true the equation here taken as an example is one 
which we already knew how to integrate, and one of the 
easiest to integrate, except where the coefficients are constant: 
but it is not integrated so easily in any other way. 


ly  , dy 
Next, let [4 4 gx 
mane ae a 


+ gy =. 
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The scale of this is 

n(n—-1)a+(m-1)q’a,,=0; 
which reduces to na, +q’a,, = 0. { 

This last is the scale of - + g’xy = 0; which gives y= Oct", 

dx 

a particular integral of the proposed. The complete integral is 
y = Cod fdaci® + C'c te, 1 
: 1 (x1 
dy q d (xy) 


The proposed may be put under the form —*% + 
dies cae dx° dx 


and is immediately integrable; but we might have overlooked 


=0, : 


that circumstance if the scale had not pointed it out to us. i 
: 1 *y : 
Again, let (1-2 cy + 2y=0. 

oD + TA y 


The scale of this is 
n(m—1)a, = {(m- 2) (m- 3)-2} a,,=(n- 4) (n-1)a,.,, 
or na, =(n—4)a, 


This is the scale of (1 - 2°) = + 22y=0; which gives 
dz 


y = C(1- 2’), a particular integral of the proposed. In fact, 
the proposed is immediately integrable, and gives 
dy 
1 - 2°) + 22y=C. 
\ ) dx y 

These may be thought to be very simple examples, the { 
integrability of which was easily discovered. But were I not 7 
afraid of extending this paper to too great a length, it would ; 
not be difficult to show the importance of consulting the scale 
in cases much less obvious. 


VI.—ON THE MOTION OF A SPHERE PROJECTED ALONG A CY- 
LINDER REVOLVING UNIFORMLY IN A VERTICAL PLANE. 


By James Boorn, M.A., Principal of and Professor of Mathematics in é 
Bristo] College. 


Ler a hollow cylinder be supposed to revolve uniformly in 7 
a vertical plane round a horizontal axe, and let a sphere | 
be projected along the cylinder from a given point in it 
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with a given velocity ; to determine the motion of the sphere, 
excluding the effects of friction and the resistance of the 
atmosphere. 


Let 7 be the distance of the sphere from the centre of 
motion at the end of the time ¢; let 7’ be the period of the 
revolution of the cylinder, a the angle which the axis of the 
cylinder makes with the horizontal axe in its own plane at the 
beginning of the time ¢; then the forces which act on the 
sphere at any instant, are the force of gravity resolved along 
the axis of the cylinder, and the centrifugal force arising from 
the uniform rotation of the cylinder. 

Now the angle which the axis of the cylinder makes with 

: , ; t 
the horizontal axe at the end of the time ¢, is | a+ 27 FT : 
hence the force of gravity resolved along the axis of the 


cylinder is — g sin { a+ = 


sign, as it acts towards the centre at the commencement of 


, g being taken with a negative 


ty 


pw 
the motion, and the centrifugal force is ee hence the 


differential equation of the motion of the sphere is 


d’r 4n’r a : t (1 
—=—-gs + Qe). ..... ; 
7. FF 
2a F 
Let - T > k, and equation (1) becomes 
d’r 


m7 = Kr —g sin(a + At)... .....(2). 


Now, to integrate this equation, using the method of the 
variation of parameters, let us assume 


Fe A 4 BP. os sick (3), 


which is the integral of the differential equation - = Kr; 
dé 
A and B being functions of ¢ to be determined. 
Differentiating (3), we obtain 
dr 2 dB 


sn okt __ kt et + ~kt P 
ap 7 (Ae - Be ie i PP oct 


As a first condition, let 
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Introducing the condition (5) into (4), and differentiating it 
again, we find 


2» lds 
wi =k (Ae + Be™) +k ne & 





t dB m | 
nee —e™ |, 
dt dt / 


Eliminating from this equation the quantity Ae“ + Be™ by 
(3), we get 


ar = k*r t k (F e* dB e " “a te (6). 


i BRR 


dt’ dt dt 
Comparing this equation with (2), we find 
dA dB ~~ wae 
—— e — —- e*= —" sin (a+ft)...... , 
4 - € i sin (a + ke) (7). 


IB dA , i . 
a = , from equations (5) and (7), i 


and integrating by parts, we obtain 


Eliminating successively 


A=C+ 5 e™ {sin (a + At) + cos (a + At)! 
. (8), 
B= C's 7 & {sin (a+ At) — c0s (a+ ht)} 


C and C" being arbitrary constants. Substituting these values 
of A and B in (38), we find 


r= Ce + Ce™ 4 sin(a+ht)...... (9). 


g 
2k? 
To determine the values of C and C’. 

Let # be the initial distance, and V the velocity of projec- 


: ss dr 
hon; then Rand V are the values of r and when ¢=0; 


hence 


¢ ° 
B=aC+C 4+ J sina 

2h’ 
y oa OR 
 . — 
wets — 4 J COS a 

k Dy ha 
From these equations, determining the values of C and C’, 
and substituting them in (9), we obtain finally the equation 


r = (5 is 5 sin «) (er +6") 


2h Sana: = 


V . . 
} ( - I cos a) (e -@e™)4 IJ sin (a + Aé).... (11), 


2k 4k / 2h 


from which we obtain the value of 7 in terms of the time. 
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1. Let the initial distance = 5 sina, and the initial ve- 


“ 


locity = a cos a; then equation (11) is changed into 


r=— sin (a+H)...... (12). 


2k? 
the equation of a circle, whose lowest point is in the centre of 
° . g 
motion, and whose radius = £, , 


In order to simplify, let the initial position of the cylinder 


be vertical, and the initial velocity =0; then ges , V=0, and 


2 
R gq g 
ae ee okt ght) , 0 . « 
D -(5 aK + eM) + 7 C08 kt. ..... (18). 
In the first place, if the initial distance be taken = va , the 
ki 


orbit which the sphere describes is a vertical circle, touching 
at its lowest point the horizontal line passing through the 
centre of motion ; and this circle is described by the sphere in 
a semi-revolution of the cylinder. 


At the end of one or any odd number of revolutions, the 
sphere will be found at the negative side of the origin in the 
cylinder, at the distance R from the centre ; while at the end 
of two or any even number of revolutions it returns to the 
same point of space and the same position in the cylinder. 


2. When Ris 7 7, let R- 4 


3 , = 26, and (13) becomes 


k 


r= d(e"+e™)+ Y cool ...... (14) 


In this case the sphere will alternately pass to and fro 
through the centre of motion so long as 8(e“ + e™) is less than 
5 » making excursions in the negative arm of the cylinder, 

E 
constantly diminishing, until at length it remains altogether 
on the positive side of the origin, receding with a constantly 
accelerated velocity from the centre of motion, ever approach- 
ing in the upper part of the orbit to the centre by a fixed 
quantity, and receding from it in the lower part by the same. 

The sphere in this case undulates along a curve which is 
asymptotic to a logarithmic spiral, the angle between whose 
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tangent and rad. vec. is equal to half a right angle, and whose 
parameter is 0. 


8. Let the sphere have no initial velocity, and let the 
initial position of the cylinder be horizontal; then V = 0, 
' a=; putting these values in (11), 


r= (5 ~ 5) et + q + £,) e™ 4 a sin Kt. 

Let R= % , then a 

2k? ; 

: ' 
) re mi (e* + sin kt); 


in which case the orbit approaches indefinitely to a circle. 
When the motion of the cylinder is very slow, & becomes 


very small, and (11) is changed into r= R+ . KF - t’; 


: ; f ; 
which, when /=0, gives r= R- & » as it ought to be. F 


en 


Let the period of revolution be 2°; then 7'= 2’, 


2 
k= 4 =7, g= 82.1908 feet ; 





hence R= : a = : a = 1.630 feet, 
2h? Qn” 


the diameter of the vertical circle which the sphere describes. 


2 INR Nes 


VIL.—ON THE DETERMINATION OF THE INTENSITY OF VIBRA- 
TION OF WAVELETS DIVERGING FROM EVERY POINT OF A 
PLANE WAVE. 


Caxcutations of phenomena of diffraction on the principles 
of Fresnel, are made by supposing that from every part of the 
front of a primary wave, in any position, small waves diverge, 
proportional in intensity to the superficial extent of the part, 
and diminishing in intensity proportionally to the distance 





through which they diverge. So that if @. sin = (vt — x) re- 
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present the disturbance of a particle in the front of the pri- 
mary wave, from every element dS of the surface we may 
suppose a small wave to proceed, and the disturbance of a 
particle by the small wave to be represented by 


2a 
A 


The value of the coefficient 6 depends on that of a, but the 
relation is not, I believe, given by Fresnel nor by Airy, nor, 
as far as I know, by any other writer. I propose to deter- 
mine it from the principle, that if the primary wave be 
plane, the disturbance caused by the small waves at any 
point in front of the primary wave must be the same as the 
disturbance which would be caused by the primary wave 
itself. Let ¢ be the length of a perpendicular drawn from a 
point A to the front of a plane wave, r and wu the distances 
of any element of the wave from the point A, and from the 
intersection of the perpendicular with the front of the primary 
wave, so that r’=c’+w*. Supposing the front of the wave 
to be divided into elementary zones by concentric circles 
of radii uw and w+du, the area of each is 2rudu =2rrdr. 
The disturbance produced at the point A by waves proceeding 
from this zone will be, since the waves proceeding from each 
point are in the same phase, 


. . dx dy sin . (wt-—c-r). 
, 


. 29 
b. 2a dr sin * . (vt - £), 
and the total disturbance 
oe, Q 
= 2b f sin > (vt—r)dr 


= br 008 = (vt — ©) — cos = (vt - a, 
7 | 
2{’ 


(since the sines and cosines of infinite arcs are 0,) 


= bd sin i ie i (« ' a ; 


so that bA=a, and therefore the coefficients of the small waves 


diverging from dS' must be —. 
. 


. (vt — ce) - 





48 Mathematical Note. 


It would also appear from this, that we should consider the 
phase of the small wave to be expressed by 


Fe oo. 
sm - («-3)}s 


so that if the substitution of small waves for the primary 
wave were real instead of hypothetical, there would be a loss 
of a quarter of an undulation. 


a. T. 





VIII.—MATHEMATICAL NOTE. 


A Suggestion in Notation—Of all the repetitions which 


: n—1 nm-1 n-2 
want of notation compels, that of n, » ——, m——— 


2 .* 
is one of the worst. If these were to be called n,, n,, n,, &c. 
the notation could not be permanent, since n,, ,, &c. are 
used for any set of quantities following a law. But if 
1, 2,, 3,, &c. be used, no existing notation will be interfered 


with, except in the general term k,, wifich it is seldom wanted 


to pass over quickly and frequently. 

These symbols, 1,, 2,, 3,, &c. might be read ‘1 out of n’, 
*2 out of n’, &c. or 61 of n’, ‘2 of n’, &c. in abbreviation of 
‘the number of ways in which 1, 2, &c. may be selected out 
of »’. The following are some instances of their use : 


(l+zfP=1lilv+2a°+3a°+427%+.... 
k=, + (K—1),1, +(& - 2),2,+(A- 8) 8 4+.... 
k, (k-l), " I (n) n—k 
k+1- 


L&D,’ "Terme? Stak 


ERRATUM. 


; Oun-0 
Page 22, line 4, for @ read —"= 
Am-) ‘ 








